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We show that it is possible to isolate a set of kaon fluctuations in lattice QCD. By means of the
Hadron Resonance Gas (HRG) model, we calculate the actual kaon second-to-first fluctuation ratio,
which receives contribution from primordial kaons and resonance decays, and show that it is very
close to the one obtained for primordial kaons in the Boltzmann approximation. The latter only
involves the strangeness and electric charge chemical potentials, which are functions of T and µB due
to the experimental constraint on strangeness and electric charge, and can therefore be calculated
on the lattice. This provides an unambiguous method to extract the kaon freeze-out temperature,
by comparing the lattice results to the experimental values for the corresponding fluctuations.
Heavy ion collision experiments at RHIC and the LHC
recreate in the lab the Quark-Gluon Plasma (QGP), the
deconfined phase of strongly interacting matter which ex-
ists under extreme conditions of temperatures or den-
sities. While the LHC is focused on the low-density,
high-temperature region, the finite density part of the
QCD phase diagram is being explored experimentally at
RHIC by means of the Beam Energy Scan. Indeed, it is
possible to increase the net baryonic density created in
an event by decreasing the collision energy, thus, reach-
ing unexplored regions in the (T, µB) plane. From the
theoretical point of view, several approaches are being
developed to supplement or interpret the experimental
information. Lattice QCD is the most reliable first prin-
ciples method to solve the fundamental theory of strong
interactions in its non-perturbative regime. Nevertheless,
actual simulations at finite density are not possible at the
moment, due to the sign problem. It is, however, possible
to reach small values of the chemical potentials thanks
to different approaches, such as analytical continuation
from imaginary chemical potentials [1–8], multiparame-
ter reweighting techniques [9–12] and the Taylor expan-
sion of the thermodynamic observables around µB = 0
[13–17]. Thermodynamic quantities are therefore becom-
ing available also at finite µB .
The observable of conserved charges fluctuations has
recieved much interest in recent years. The reason for
this is that they can be simulated on the lattice as well
as be measured in heavy ion collision experiments. A
comparison between theoretical simulations and exper-
imental results allows for the extraction of information
about the system created in the lab from first princi-
ples. In particular, higher order fluctuations are very
sensitive to the critical point such that they have long
been understood as a fundamental observable to locate
its position [15, 18, 19]. Lower order fluctuations can be
measured and simulated with great accuracy and allow
a precise determination of the chemical freeze-out tem-
perature and chemical potential [20–24]. By analyzing
the baryon number and electric charge fluctuations sep-
arately, a consistent scenario emerges in Ref. [23], which
gives rise to the same freeze-out temperature and chem-
ical potential for these two conserved charges. However,
strangeness is still missing from the picture mainly due
to the lack of experimental data for the fluctuations of
(multi-)strange baryons. Therefore, it is important to
have a first-principle determination of the strangeness
freeze-out temperature. The ALICE data for particle
yields and ratios seem to indicate a tension between the
freeze-out temperatures in the light and strange sectors
[25, 26]. Several explanations have been proposed for
this result [27–34], but so far none has been validated
or excluded. A result from first principles would finally
resolve this issue.
Preliminary results of kaon fluctuations have been pre-
sented by the STAR collaboration at the Quark Matter
2012 [35], Quark Matter 2015 [36] and Strangeness in
Quark Matter 2016 [37] conferences, which will soon be
finalized. Since kaons carry strangeness, extracting their
freeze-out temperature from first principles constitutes a
first important step towards understanding the freeze-out
of strangeness in heavy ion collisions. The experimental
kaon distribution includes contributions from both pri-
mordial kaons and the feed down of resonance decays,
and it is subjected to rapidity and transverse momen-
tum cuts. The resonance decays in principle cannot be
captured by a thermal calculation in equilibrium, such
as lattice QCD. Since resonance decays are governed by
branching ratios which appear as factors in front of the
corresponding conserved charge in the fluctuations of the
daughter particles, the latter can be very different when
they are calculated in equilibrium or taking the resonance
decays into account. Due to charge conservation, fluctu-
ations of a conserved charge would be the same in a fully
equilibrated system and in a system which allows for res-
onance decays, but this is not the case for the fluctuations
of a specific particle. To quantify this effect for kaons,
we use the Hadron Resonance Gas (HRG) model to show
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2that the resonance decays play no role for the lower order
fluctuations. Also, the fluctuations of primordial kaons
in the Boltzmann approximation coincide with the ones
of the full distribution, including resonance decays. We
repeat the same analysis also for the protons: we check
the validity of the Boltzmann vs. the full distribution
including resonance decays as well as isospin randomiza-
tion.
The HRG model is based on the idea that a gas of inter-
acting hadrons in their ground state can be well described
by a gas of non-interacting hadrons and resonances [38–
43]. The partition function of the model, therefore, can
be written as a sum of ideal gas contributions of all known
baryons and mesons:
pHRG
T 4
=
1
V T 3
∑
i∈mesons
lnZMi (T, µXa)
+
1
V T 3
∑
i∈baryons
lnZBi (T, µXa) (1)
where
lnZ
M/B
i = ∓
V di
2pi2
∫ ∞
0
dkk2 ln(1∓ zi exp−i/T ) (2)
i =
√
k2 +m2i , zi = exp((
∑
a
Xai µXa)/T )
and Xa are the conserved charges, namely baryon num-
ber B, electric charge Q and strangeness S. For each
particle, it is possible to write the partition function as:
lnZ
M/B
i '
di
2pi2
(mi
T
)2 ∞∑
k=1
(±1)k+1
k2
K2
(
kmi
T
)
×
× cosh [k (BiµB +QiµQ + SiµS) /T ] . (3)
In Eq. (3), k = 1 corresponds to the Boltzmann approx-
imation. In this limit, it is possible to isolate the con-
tributions of different hadrons to the total pressure, dis-
tinguishing them through their quantum numbers. This
was done in Ref. [44] in order to distinguish the contri-
butions to the pressure of strange mesons and (multi-)
strange baryons:
PS(µˆB , µˆS) = P0|1| cosh(µˆS)
+ P1|1| cosh(µˆB − µˆS)
+ P1|2| cosh(µˆB − 2µˆS)
+ P1|3| cosh(µˆB − 3µˆS) , (4)
where dimensionless chemical potentials are used µˆB/S =
µB/S/T . Here P0|1| is the partial pressure of all strange
|S| = 1 mesons and for the baryons P1,|i| are the partial
pressures of all |S| = i (i = 1, 2, 3) baryons. Each of the
PB|S| coefficents are defined via susceptibilities:
P0|1| = χS2 − χBS22 , (5)
P1|1| =
1
2
(
χS4 − χS2 + 5χBS13 + 7χBS22
)
, (6)
P1|2| = −1
4
(
χS4 − χS2 + 4χBS13 + 4χBS22
)
, (7)
P1|3| =
1
18
(
χS4 − χS2 + 3χBS13 + 3χBS22
)
, (8)
where we set c1 = 0 and c2 = 0 from the original paper
[44] since we are only interested in the hadronic sector of
the equation of state. The susceptibilities are defined as
χBSQmnk =
∂(m+n+k)[p(µˆB , µˆS , µˆQ)/T
4]
∂µˆmB∂µˆ
n
Sµˆ
k
Q
∣∣∣∣∣
~µ=0
. (9)
Derivatives of the pressure with respect to the strange
chemical potential then follow via
χSn(M, |S| = 1) =
(
χS2 − χBS22
) |~µ=0 dn cosh(µˆS)
dµˆnS
, (10)
which implies that the prefactor cancels when ratios of
the derivatives are taken.
Note that in [44] the effect of electric charge was not
considered. However, here we find that the conservation
of electric charge is necessary if one wants to consider
a large baryon chemical potential. To do so, one must
rewrite the full pressure separating by baryon number,
strangeness, and charge in the following way
P (µˆB , µˆS , µˆQ) = P000 + P00|1| cosh(µˆQ) + P100 cosh(µˆB)
+ P101 cosh(µˆB + µˆQ) + P10−1 cosh(µˆB − µˆQ)
+ P102 cosh(µˆB + 2µˆQ) + P0|1|0 cosh(µˆS)
+ P0|1||1| cosh(µˆS + µˆQ) + P1|1|0 cosh(µˆB − µˆS)
+ P1|1|1 cosh(µˆB − µˆS + µˆQ)
+ P1|1|−1 cosh(µˆB − µˆS − µˆQ)
+ P1|2|0 cosh(µˆB − 2µˆS)
+ P1|2||1| cosh(µˆB − 2µˆS − µˆQ)
+ P1|3||1| cosh(µˆB − 3µˆS − µˆQ). (11)
In the above formula, we can identify the contribution
of charged kaons and their resonances to the pressure as:
PK+/− = P0|1||1| cosh(µˆS + µˆQ) (12)
While the form of Eq. (11) is quite complicated, the
derivatives of the partial pressures then follow such that
χSe (BS) = χ
B
e (BS) = χ
S/B
2 (BS) = χ
S/B
4 (BS) . . .
χBo (BS) = χ
B
1 (BS) = χ
B
3 (BS) . . .
χSo (BS) = χ
S
1 (BS) = χ
S
3 (BS) . . .
(13)
where S/B indicates either the derivative respective to
strangeness or baryon number, respectively, and e or o
indicate even or odd derivatives. Taking the ratios of
χSn/χ
S
m the prefactor of susceptibilities shown in Eqs. (5-
8) cancel out, for example for net-kaons:
χKe
χKo
=
cosh(µˆS + µˆQ)
sinh(µˆS + µˆQ)
3χKo
χKe
=
sinh(µˆS + µˆQ)
cosh(µˆS + µˆQ)
χKo
χKo
=
χKe
χKe
= 1 (14)
Similarly, for net-protons one finds
χpe
χpo
=
cosh(µˆB + µˆQ)
sinh(µˆB + µˆQ)
χpo
χpe
=
sinh(µˆB + µˆQ)
cosh(µˆB + µˆQ)
χpo
χpo
=
χpe
χpe
= 1. (15)
In the following, we will use the above formulas for fluc-
tuations of particles containing a given set of quantum
number (e.g. kaons) and compare them to the actual
particle fluctuations, which take into account the con-
tribution of primordial distributions and resonance de-
cays. Taking the effect of decays into account as shown
in [45, 46], an extra term is included in front of the sus-
ceptibility such that:
χ˜Sn =
Xstable∑
j
NHRG∑
i
(PrijSj)
n gi
2pi2
∂n
∂µnS

∫ ∞
0
dpT
p2T(
Exp
[√
p2T +m
2
i − (Biµb + SiµS +QiµQ)
]
+ (−1)Bi+1
)
 (16)
where Prij is the probility for a resonance i to produce
a daughter particle j. Note that this is slightly different
than a branching ratio. A branching ratio is the prob-
ability of a resonance i decaying into a specific decay
channel. Here Prij includes all decays channels for a
resonance such that
Prij =
∑
c
Bri→cnj(c) (17)
where Bri→c is the branching for the resonance i to decay
into the stable decay product c and nj(c) is the number
of times particle j appears in channel c. For instance, if
we observe the decay channel i → K + pi+ + pi+, then
npi+ = 2 whereas for the same decay channel npi− = 0.
Note that this includes all subsequent decays until only
the stable particles remain.
In Eq. (16), Xstable is the sum over the stable particles
that one is observing. For the case of net-strangeness one
would typically consider K+ and K−, however, it may be
possible to eventually include K0 and K¯0 experimentally.
In this paper we will consider the contributions of only
K+ and K−.
In Fig. 1 we show χK2 /χ
K
1 (upper panels) and χ
K
3 /χ
K
2
(lower panels) for kaons. The black, solid curves are the
actual kaon fluctuations obtained in the HRG model in-
cluding primordial kaons and the feed down from res-
onance decays. The blue, dashed curves correspond to
the upper Eq. (14). The left panels are calculated at
µB = 20 MeV, the right ones at µB = 420 MeV. It is
evident that, for the lower fluctuation ratios, the Boltz-
mann approximation yields a very good description of the
actual curve, both for low and high chemical potentials,
which cover the entire range spanned by the RHIC Beam
Energy Scan. This means that it is safe to use the upper
Eq. (14) to extract the kaon fluctuation ratio χK2 /χ
K
1
from lattice QCD, and compare it to experimental data
from RHIC in order to extract the kaon freeze-out tem-
perature. On the other hand, χ3/χ2 shows a discrepancy
between the two approaches already for small chemical
potentials: this means that the effect of resonance de-
cays, in particular of multi-strange baryons decaying into
kaons, significantly affects the higher order fluctuations
and their ratios. In Fig. 2 we show an example of com-
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FIG. 1. Upper panels: comparison between χK2 /χ
K
1 for pri-
mordial kaons + resonance decays (full, black line), to the
ones obtained from the upper Eq. (14) (dashed, blue line).
The two figures correspond to two different chemical poten-
tials: µB = 20 MeV (left) and µB = 420 MeV (right). Lower
panels: comparison between χK3 /χ
K
2 for primordial kaons +
resonance decays (full, black line), to the ones obtained from
the middle Eq. (14) (dashed, blue line). The two figures cor-
respond to two different chemical potentials: µB = 20 MeV
(left) and µB = 420 MeV (right).
paring the lattice QCD χK2 /χ
K
1 for kaons, obtained from
the upper Eq. (14), to the preliminary experimental data
from STAR. The accuracy of the lattice QCD data will
allow a precise determination of the kaon freeze-out tem-
perature once the experimental error-bars are under con-
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FIG. 2. Example of comparison between χK2 /χ
K
1 from lattice
QCD, calculated from the upper Eq. (14), and the prelimi-
nary STAR result at
√
s = 200 GeV shown at the Strangeness
in Quark Matter 2016 conference [37]. The blue band corre-
sponds to the statistical error, the orange one shows statistical
and systematic errors summed in quadrature.
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FIG. 3. Upper panels: comparison between χp2/χ
p
1 for pri-
mordial protons + resonance decays (full, black line), to the
ones obtained from the upper Eq. (15) (dashed, blue line).
The two figures correspond to two different chemical poten-
tials: µB = 20 MeV (left) and µB = 220 MeV (right). Lower
panels: comparison between χ3/
pχp2 for primordial protons +
resonance decays (full, black line), to the ones obtained from
the middle Eq. (15) (dashed, blue line). The two figures cor-
respond to two different chemical potentials: µB = 20 MeV
(left) and µB = 220 MeV (right).
trol.
In Fig. 3 we show χp2/χ
p
1 (upper panels) and χ
p
3/χ
p
2
(lower panels) for protons. The black, solid curves are the
actual proton fluctuations, obtained in the HRG model
including primordial protons and those coming from res-
onance decays with isospin randomization, as described
in Ref. [47]. The blue, dashed curves correspond to the
upper Eq. (15). The left panels are calculated at µB = 20
MeV, the right ones at µB = 220 MeV. It is evident that,
for the lower fluctuation ratios, the Boltzmann approxi-
mation yields a good description of the actual curve, both
for low and high chemical potentials. Deviations start to
occur at µB ' 300 MeV, which allows a comparison with
the experimental data for
√
s ≤ 14.5 GeV [45]. On the
other hand, χ3/χ2 shows a ∼15% discrepancy between
the two approaches in the temperature range of interest.
In conclusion, using the Hadron Resonance Gas model
we have shown that it is safe to use the Boltzmann ap-
proximation to extract χ2/χ1 for kaons (and protons)
from lattice QCD. The results presented here are relying
on the assumption that the HRG model is a valid ap-
proximation of QCD at the chemical freeze-out, which is
reasonable for lower order fluctuations. The curves corre-
sponding to the Boltzmann approximation are very close
to the actual ones, which take into account not only the
primordial particles but also those produced by resonance
decays, for a large range of chemical potentials which
cover most of the energies of RHIC BES. This will allow
safe extraction of the kaon freeze-out parameters once
the experimental data for kaon fluctuations are finalized.
The implications of the difference (or lack thereof) be-
tween the light and strange freeze-out parameters at the
Beam Energy Scan may have far reaching effects within
hydrodynamical modeling as well as for the temperature
dependence of the baryon and strange diffusion transport
coefficients.
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